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Abstract. We use the notion of rank denned in jSalj to introduce and study two 
correspondences between small irreducible unitary representations of the split real simple 
Lie groups of types E„, n 6 {6,7}, and two reductive classical groups. We show that 
t"**- ' these correspondences classify all of the representations of rank two (in the sense of 

|Sal| ) of these exceptional groups. We study our correspondences for a specific family of 
' degenerate principal series representations in detail. 

^ ! 1. Introduction 

<S 

Construction and classification of small irreducible unitary representations of non- 
compact semisimple Lie groups are challenging problems. Small representations are im- 
portant because they are natural candidates for being unipotent representations. In fact 
many classes of small unitary representations are actually automorphic representations. 
The most outstanding small unitary representation of semisimple groups is probably the 
oscillator (or the Segal-Shale- Weil) representation. It happens to be the smallest repre- 
sentation of the metaplectic group. 

Questions about small representations become much harder for exceptional groups. (See 
|GSj and |Toj where minimal representations of simple Lie groups are extensively studied.) 

This paper is a continuation of the author's work in |Salj . In |Salj , the main goal of the 
author is to define a new notion of rank for unitary representations of a semisimple group 
over a local field of characteristic zero. In principle, this is a generalization of one of the 
main results of |Li2j in a fashion that it includes both the classical and the exceptional 
groups at the same time. Having an analogous theory of rank, one naturally expects that 
a general classification theorem similar to |Li2l Theorem 4.5] should exist. Our first main 
goal is to extend this classification theorem to exceptional Lie groups. 

Let G be the group of IR-rational points of a complex, absolutely simple, simply con- 
nected algebraic group which is defined over ffi. and is of type E n , n e {6, 7}. Let IL^G) 
denote the set of irreducible unitary representations of G of rank two (where rank is 
defined as in |SaH Definition 5.3.3]). Let S\ be a reductive group given by 1 



R x x Spin(3, 4) if G is of type E 6 
SL 2 (M) x Spin{4, 5) if G is of type E 7 



and let II (Si) denote the unitary dual of Si. 

Theorem 1.1. There exists an injection ^ : n 2 (G) i— > LI(Si) which is described in terms 
of Mackey theory. 



Date: July 19, 2006. 

1 Whcn G is of type E 6 , the semidirect product R x k Spin(3,A) is explicitly described in the proof of 
Proposition 15.121 
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The map which should potentially identify all of the representations of G of rank 
two, is an analogue of the correspondences for classical groups which appear in |Hoj . |Li2j . 
and |Scaj . 

From the proof of Theorem 11.11 it can be seen that one can extend the theorem to 
imply the existence of many maps anlogous to \I/ for several other exceptional groups over 
complex and p-adic fields. The only difficulties in the proof are certain technicalities with 
exceptional groups similar to those dealt with in |Sal| §5.1, §5. 2]. However, for the sake of 
brevity, and because the main point of this paper is Theorem ll.2l we have stated Theorem 
II. II for the special case of real split groups of types E 6 and E 7 . 

Our second main goal is to understand the map One important common feature of 
the split forms of types E 6 and E7, which is one of our motivations for choosing them too, 
is the existence of certain degenerate principal series representations which are of rank two. 
See jWsj . where the author's motivation for choosing these groups is somewhat similar. 
Reducibility points and unitarizability of this family of principal series representations 
which is introduced in ()2.1|) are studied extensively in jSahj and |BSZj . We use the results 
in [Hall and jBSZj to prove the next two theorems. 

Theorem 1.2. Let G, n 2 (G), Si, U-(Si), and ^ be as above. Let P ab be a parabolic 
subgroup of G whose unipotent radical is abelian. Let x be a unitary character of P^. If 
7r x is the degenerate principal series representation of G induced from \, then ix x G n 2 (G) 
and 

1. When G is of type E 6 , \I/(vr x ) is a unitary character of Si. 

2. When G is of type E7, ^(^x) ^ s isomorphic to the tensor product of a principal 
series representation of SZ^K) and the trivial representation of Spin(4,5). 

Theorem 1 1 . 21 can also be easily extended to split groups of types and E7 over complex 
and p-adic fields. 

Theorem 1.3. LetG be as above withn = 7 (i.e., G is oftypeE 7 ). Letil 2 (G) be as above. 
Let Ip(s) be defined as in \2.1)) . For any real number s such that < s < 1, Let tt s be the 
complementary series representation of G obtained from Ip{s) as described in fBSZ( Prop. 
7.8, Part (2)]. Let tc° be the representation of G obtained from the irreducible unitarizable 
subquotient of ip(l) as described in |BSZ| Prop. 7.8, Part (2)]. Then tt° and the 7i s belong 
to I1 2 (G). Moreover, ^(71°) is the trivial representation o/SX 2 (IR) x Spin(4, 5). 

Remark. The reader should note that: 

1. When G is of type E7, it is an interesting problem to understand the "inverse image" 
of the unitary dual of SX 2 (IR) under the map For the principal series this follows 
from Theorem 11.21 and for the trivial representation this follows from Theorem 11.31 For 
any s such that < s < 1, ^(tt,,) should be the tensor product of a complementary 
series representation of G and the trivial representation of Spin(4,5). For the case of 
the discrete series of SL 2 (M.), Nolan Wallach has suggested a method of construction 
of small representations of G based on the method of transfer jWaj. The cases of the 
complementary series and the discrete series will hopefully be addressed in a subsequent 
paper. 

2. We could have used the fancier language of Jordan triple systems to work with groups 
more coherently and probably include some classical groups as well. (Similar successful 
attempts of using Jordan algebras along these lines were made for example in BSZ , [SahJ, 
and [DS .) However, for classical groups our results are not new, and for the exceptional 
groups that we are going to study it is easier to do things more explicitly. 
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This paper is organized as follows. Section 2 merely introduces our notation and recalls 
several facts about representations. Section 3 is devoted to recalling the notion of rank 
in |Salj and the main result of |Salj on rank. Section 4 contains a suitable adaptation 
of a result of Scaramuzzi's |Scaj . In section 5 we prove Theorem 11.11 and describe the 
correspondence In section 6 we prove that the 7r x , the 7r s , and 7r° are of rank two. (For 
a description of these representations, see section 2.) Sections 7, 8, and 9 are devoted to 
finding an explicit description of ^(ir x ) and ^/(tt°). Section 10 contains tables concerning 
roots systems of types E 6 and E 7 . 

Acknowledgement. I would like to thank Roger Howe and Siddhartha Sahi for helpful 
communications, Nolan Wallach for his interest in this direction of research and illuminat- 
ing conversations in Toronto, and Leticia Barchini and Roger Zierau for showing me their 
joint work with Mark Sepanski |BSZj . I thank the organizing committee of the conference 
on representation theory of real reductive groups in June 2006 at Snowbird, UT, where 
some of the proofs of this paper were simplified. 

2. Notation and preliminaries 

Let G be a complex, simply connected, absolutely simple algebraic group of type E n , 
n G {6, 7}, which is defined and split over R, and let G be the group of M-rational points 
of G. Let g denote the Lie algebra of G. Let K be the maximal compact subgroup of G. 

Let A be a maximal split torus of G which is defined over R, and let A = A n G. 
Choose a system of roots A associated to A for G. It will induce a root system of G. 
Choose a positive system A + , and let B be the corresponding Borel subgroup of G. Let 
Nb = [B,B]. Let Ab = {a%, ...,a n } be a basis for A + . The labelling of the Dynkin 
diagram of E n by the a^s is compatible with those given in \Bo\ Planches] and |Knl| 
Appendix C]. This labelling can be described by the diagrams in Figure 1 below. 
6-5-4-3-1 7-6-5-4-3-1 

2 2 
Figure 1. 

Let cic be the Lie algebra of A. For any i G {l,...,n}, let zui G Homc(ac,C) denote 
the fundamental weight corresponding to the node labelled by a i} and let e mi denote the 
corresponding character of A. For any a G A, we have e roi (a) G R x . Any a G A is uniquely 
identified by the values of the e ro '(a). 

Let P be the standard maximal parabolic subgroup of G which corresponds to the node 
labelled by a n . Let the standard Levi factorisation of P be P = L x A. The group 
A is commutative. Let Q = M K H be the standard Levi factorisation of the standard 
Heisenberg parabolic subgroup of G (where if is a Heisenberg group) and let R — S K U 
be the standard parabolic of G such that the root system of [S, S] is of type D 4 when 
G is of type E 6 and of type Ai x D 5 when G is of type E 7 , respectively. Note that the 
group U is two-step nilpotent. Let P r = L r x A r be the standard parabolic introduced in 
jSall §3.2]. When G is of type E 6 , [L r ,L r ] is equal to the SL 2 {R) which corresponds to 
«4, and when G is of type E 7 it is equal to the product of the SX 2 (lR)'s which correspond 
to a2,a3,«5 and a-/. Let (3\ be the highest root in A + , and let be the highest root of 
the root system of [M, M\. (Obviously we are using the positive system for [M, M] which 
is induced by A + .) For every a G A, let Q a be the (one-dimensional) root space of g 
corresponding to a. 

We denote the Lie algebras of the groups which appear in the previous paragraph by 
p, [, n, q, m, f), r, s, u, p r , lr and n r respectively. 
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Fix a nontrivial positive multiplicative character e A ° of L. For convenience, when G 
is of type E 7 , we assume A is the linear functional given in |BSZt Definition 2.4]. One 
can extend this character trivially on iV to a character of P. Let 5p denote the modular 
function of P. For any s G C one can define a degenerate principal series representation 
7p(s) of G as follows: 

(2.1) l P (a) = {fe C°°(G)\Vp eP^geG: f(gp) = 6 P ( P yh~ sA °(p)f(g)}. 

The inner product induced by the norm WfWx = (f K \f(k)\ 2 dk)i can be used to complete 
J(s) and obtain a Hilbert space 7i s . The action of G on Ip(s) and on 7i s is by left 
translation: 

{g-f){gx) = f{g- l gx)- 

Obviously, when s is imaginary, the representation of G on 7i s is a principal series rep- 
resentation of G induced from the unitary character of P. Let P denote the parabolic 
opposite to P. There exists an automorphism T of G such that T(P) = P: when G 
is of type E 7 , T is the conjugation by the longest element of the Weyl group and when 
G is of type Eg, T is a composition of this conjugation with a diagram automorphism. 
From T(P) = P it follows that one can find a unitary character x of P such that the 
representation of G on TL S is isomorphic to Ind^x. We denote this representation by n x . 

When G is of type E 7 , reducibility points and unitarizability of subquotients of Ip(s) 
have been addressed in [BSZ ,[DS , and |Zhj . The picture can be concretely described as 
follows. For real values of s, something similar to the Wallach set appears (see (BSZJ). 
More precisely, for < s < 1, Ip(s) is irreducible and unitarizable and corresponds 
to a family of complementary series representations of G, which we denote by tt s . For 
s = 1,5, and 9, Ip(s) has an irreducible unitarizable subquotient. The values s = 9 and 
s = 5 correspond to the trivial and the minimal representations of G, respectively. The 
representation obtained at s = 1 is denoted by tt°. 

From now on, unless stated otherwise, all representations are unitary. The trivial rep- 
resentation of any group is denoted by "1". The center of a group or a Lie algebra is 
denoted by Z(-). For any Hilbert space 7i, the algebra of bounded operators from TC to 
itself is denoted by End(7i). 

If G\ and G2 are Lie groups where G\ is a Lie subgroup of G2, and if for any i G {1,2}, 
7Tj is a unitary representation of G{, then Res G 2 7T2 and IndgVi denote restriction and 
(unitary) induction. When there is no ambiguity about G 2 , we may use 7r 2 | Gl instead of 
Res G 2 7T2. Throughout this paper, we will use two properties of induction and restriction 
which we would like to remind the reader of. The first property is Mackey's subgroup 
theorem, as stated in |Macj . The second property is the "projection formula", which 
states that 

Indgtvn ® (Resg 2 7r 2 )) w (Indgvn) ® vr 2 . 

If Gi is a group acting on a set X, then for any x G X the stabilizer of x inside G\ is 
denoted by Stab Gl (x). 

Needless to say, let M x and 1R + denote (any group naturally isomorphic to) the multi- 
plicative groups of nonzero and positive real numbers, respectively. 

3. Representations of small rank 

As shown in jSall Prop. 3.2.6], the group is a tower of semidirect products of 
Heisenberg groups, i.e., 

iV r = N x v. N 2 x N 3 
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where the iVj's are Heisenberg groups. Note that jV 3 = H. Let denote the Lie algebra 
of N{. For any i e {1,2,3}, let pi be an arbitrary infinite-dimensional irreducible unitary 
representation of iV 4 _j. By means of the oscillator representation, one can extend each pi 
to a representation pi of iVr. The recipe for extension is given in jSall §4.1]. We call any 
representation of N? of the form pi, p\ ® p2 or p\®p2®pz a rankable representation of iVr 
of rank one, two or three, respectively (see jSall Def. 4.1.1]). The trivial representation 
of Nr is said to be rankable of rank zero. One can see that any rankable representation 
of iVr is irreducible. The following theorem is essential to this work. 

Theorem 3.1. ( SalJ Theorem 5.3.2]). Let it be an irreducible unitary representation of 
G. Then the restriction of it to N? is supported on rankable representations of Nr of rank 
r, for a fixed r 6 {0, 1, 2, 3}, which only depends on n. 

Using Theorem 13.11 one can define a notion of rank for unitary representations of G. 
A representation 7r of G is said to be of rank r if the restriction of 7r to N-p is supported 
on rankable representations of iVr of rank r. Theorem 13.11 implies that for irreducible 
representations, rank is well-defined. 

The only irreducible representation of G of rank zero is the trivial representation. 

4. Representations of GL m (R) of rank one 

In this section we prove a result which provides a suitable adaptation of |Sca| Theorem 
II. 1.1] and will be used in the proof of Proposition 15.41 The proof of Proposition 14. II is 
lengthy but easy, and could be omitted. However, to make this manuscript self-contained, 
we would like to give its proof in detail. 

Fix an integer m > 4. Let GL m (R) + denote the component group of GL m (R). Let % be 
a unitary representation of GL m (R) + whose restriction to SL m (M.) is of rank one in the 
sense of |Sal| Definition 5.3.3]. Let Q m be the standard Heisenberg parabolic subgroup of 
GL m (R) and Q+ = Q m n GL m (R) + . 

Proposition 4.1. The von Neumann algebra generated by 7r(Q+) is equal to the von 
Neumann algebra generated by ir(GL m (R) + ) . 

Proof. This proposition follows immediately from Lemma f4. 31 below. □ 

Obviously GL m {R) = {±1} x GL m {R) + for a suitable subgroup {±1} of the diagonal 
matrices. (When m is odd, the semidirect product is actually a direct product.) Observe 
that from |Salt §6] it follows that a representation of GL m (M) is of rank one in the sense of 
|Scaj if and only if the restriction of ir to SL m (R) is of rank one in the sense of |Salj . From 
now on, a representation of GL m (IR) + is said to be of rank one whenever its restriction to 
SL m (R) is of rank one. 



Lemma 4.2. Every irreducible representation a of rank one of GL m (M>) + is equal to the 
restriction of a representation of GL m (M.) . 

Proof. If a does not extend to a representation of GL m (R), then Ind^™|^| + a will be an 
irreducible representation of GL m (M) of rank one. On the other hand, the representation 

p GL m (R) j iGL m (R) 
GL m (K)+ mu GL m (R)+ 

is reducible. (In fact it is a direct sum of a and a, where a is a representation of GL m (M.) + 
defined by &(g) = a{—\ ■ g ■ —1).) But from the description of irreducible representations 
of rank one of GL m (M) in |Sca| Theorem II. 3.1] as induced representations, it follows 
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that the restriction of any irreducible representation of rank one of GL m (M.) to GL m (IR) + 
remains irreducible. Therefore every irreducible representation of GL m (M) + of rank one 
should extend to a representation of GL m {R), which will clearly be of rank one as well. 

□ 

Lemma 4.3. Let m > 4. 

a. If tt is an irreducible representation of GL m {R) + of rank one, then the restriction 
of tt to remains irreducible. 

b. If tt,tt' are two distinct irreducible representations of GL m (R) + of rank one, then 
their restrictions to are nonisomorphic representations . 

Proof. Both of these statements follow from |Scat Theorem II. 2.1]. (We advise the reader 
that in the notation of |Scaj our Q m is in fact denoted by Q x . We do not feel obliged 
to obey the notation of |Scaj since the author does not use it coherently throughout the 
paper.) Let H m be the unipotent radical of Q m . Let J be as in |Scal §1, Equation (18)] and 
let uj tr be the representation of J whose restriction to H m is the irreducible representation 
p tr of |Sca| §11.2] and whose extension to J is given in [Seal §11, Equation (39)]. (We advise 
the reader that in our situation the indeterminate k of |Scal §11, Equation (39)] is equal 
to one.) Let J + = J PI GL m {R) + . Obviously u tr can be considered as a representation of 
J + too. 

If 7i is as in Lemma l4.3a above, then tt extends to a representation tt of GL m (M). By 
|Sca| Theorem II.2.1], there exist unitary multiplicative characters X11X2 of 1R X such that 

Res GL m (R) . = Ind Qm ((xi g, X2 Q det) g, Utr y 

(Note that xi an d X2 play the roles of a and x °f |Sca| Theorem II. 2.1].) By Mackey's 
subgroup theorem one can see that 

Re GL m( R) +7r = Ind Qj ((xi g X2 det ) Utr y 

Recall that H m is the unipotent radical of Q m . The restriction of the representation uj tr 
to H m is irreducible. Therefore u tr is an irreducible representation of J + too. Standard 
Mackey theory tells us that for any irreducible representation v of J + /H m , Ind^+ [y®oj tT ) 
is an irreducible representation of . Therefore tt^q+ is irreducible. This proves Lemma 
Ph. 

Next we prove Lemma f4.3b . By Lemma [4.21 it suffices to show that if tt and tt' are two 
rank one representations of GL m {R) whose restrictions to are isomorphic, then the 
restrictions of fr and tt' to GL m (R) + are isomorphic as well. Suppose Xi? X2, x'n X2 are 
unitary multiplicative characters of 1R X such that 



Res£ mW 7r = Indy m (( X i ® X2 ° det) ® u tr 
Re GL m( R) = Ind Q m((x ; g, x / det) g Wtr 



and 

Obviously we have 
and 



R GL mW ~ = Ind y r (( Xl g X2 o det ) 

Re GL m (R) = Ind ^(( x ; y 2 o det ) g, Wtr ) 



By standard Mackey theory, if the restrictions of tt and tt' to are isomorphic, then we 
have 

(4.4) Xi( a ) — Xi( a ) f° r every a G M x and X2( a ) = X^i ) f° r ever y o £ 
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Let P m be the standard parabolic subgroup of GL m (M) whose Levi factor is 

GLi(R) x GL m _i(R) 

and let P+ = P m n GP m (M) + . If x 1 and y 2 are characters of G f L i (R) and G r L m _ 1 (R) 
respectively, then we define the representation x 1 x y 2 of G\L m (R) induced from P m as in 
|Sca| §11.3]. From |Sca| Theorem II. 3.1] it follows that 

tt = Indg^Ofe 1 *! x X2 o det) and tK = IM^^'Vi * x' 2 o det). 
Consequently, from Mackey's subgroup theorem it follows that 

n\GL m (K)+ = Indp+ m(M)+ (x 2 1 xi x X2 o det) 

and 

vrf GLm(K)+ = Ind^ (K) ( X rVi x X ' 2 o det). 

Equalities in (|4.4jl imply that X2 *Xi x x 2 odet and X > 2~ 1 Xi x X 2 °det are identical characters 
of P+, i.e., restrictions of ft and 7r' to GP m (IR) + are isomorphic. This proves Lemma F4.3b . 

□ 

5. Proof of Theorem 11.11 

It was shown in |Sa2| Prop. 4] that the only irreducible representation of G of rank 
one is the minimal representation of G. Our concentration throughout the rest of this 
manuscript will be on representations of G of rank two. It was shown in |KSj that the 
minimal representation of G is irreducible when restricted to the Heisenberg parabolic. 
Our next task is to prove a similar, but much stronger version of this fact for irreducible 
representations of rank two. Namely, we will show that for irreducible representations of 
rank two, the restriction of tc to the parabolic subgroup R determines 7r uniquely. Our 
method of proof is an adaptation of an idea originally due to Howe [HoJ. 

The parabolic Q can be expressed as 

(5.1) Q = (R + x ({±1} x [M,M])) x H 

where 1R + and {±1} are appropriate subgroups of A. (Note the positions of direct and 
semidirect products.) The element —1 G {±1} corresponds to the element a G A such 
that for G is of type we have e ro2 (a) = —1 and e mj (a) = 1 for any j 7^ 2, and for G is 
of type E7 we have e roi (a) = —1 and e roj (a) = 1 for any j 7^ 1. 

Let p be any infinite-dimensional irreducible unitary representation of H. Note that p 
extends to a representation p of [Q, Q], and in fact this extension is unique since [M, M] 
is a perfect group. Since the action of Q on the center of H has only one open orbit and 
the stabilizer of every point of this orbit is [Q, Q], it follows from |SaH §5.2] that one can 
express the restriction of tt to Q as 

k\Q = In d^ iQ] (^®p) 

where v is a representation of [M, M] = [Q, Q]/H. Let Q + be the component group of Q. 
Then we have 

Q+ = (JR+ x [M, M]) x H. 

One can extend v to the representation 1 eg) v of 1R + x [M, M] and therefore obtain an 
extention v of v to Q + . (Note that it may not necessarily be possible to extend v to all 
of Q.) Using the projection formula we have 

Ind S, Q ]( zy ® p) = Ind 2+ Ind f£ Q] ^ ® p) = lnd Q + (" ® Ind £V)- 
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Let r = v © Ind^^p and 77 = Indjg^p. If 7f 1 and 7Y 2 denote the Hilbert spaces of the 
representations v and 77, then r is a representation with Hilbert space Ji\ © 7Y 2 . 

Lemma 5.2. The von Neumann algebra generated by t(Q + D -R) egna/ to the von 
Neumann algebra generated by r(Q + ). 

Proof. The key point is that the restriction of 77 to the subgroup IR + \xH of Q + is irreducible 
(see [KSJ. The idea is that the if -spectrum of 77 is multiplicity- free and 1R + acts on 
it transitively. Since the restriction of v to IR + x H is trivial, it follows that the von 
Neumann algebra generated by r(R + x H) contains every operator of the form 7 © T 
inside End(7ii © ^2) • Consequently, the von Neumann algebra A generated by r (Q + fl R) 
contains all the operators of the form 0(q) © T for q G Q + fl R, where T is any arbitrary 
element of End(7Y 2 ). 

Next we observe that v is actually a representation of rank one of the reductive group 
M + = Q + /H. But for classical groups it can be shown that the two notions of rank in 
|Li2j and in [Sal] are essentially equivalent (see [Sail §6]). Therefore from |Li2| Theorem 
4.5] and Lemma f4. II it follows that the von Neumann algebra generated by 0(Q + fl R) is 
equal to the von Neumann algebra generated by u{Q + ). (When G is of type E 6 , the latter 
statement follows immediately from Proposition 14.11 When G is of type E7, it follows 
from the fact that the von Neumann algebra generated by 0(Q + fl R) contains the von 
Neumann algebra generated by 

P([Q,Q](1R), 

which by |Li2| Theorem 4.5] is equal to the von Neumann algebra generated by 0([Q, Q}).) 
This implies that A contains all the operators of the form 0(q) ® T for every q G Q + , 
which proves Lemma f5. 21 

□ 

Lemma 5.3. The von Neumann algebra generated by n(Q) is equal to the von Neumann 
algebra generated by 7r(Q D R). 

Proof. Let a = Indg + r. We have tt\q = a. By the double commutant theorem, it suffices 
to show that every Qn_R-intertwining operator for a is actually a Q-intertwining operator. 
Let 7i T be the Hilbert space of r. Recall that —1 G {±1} C Q (see equation (j5.1|0 . One 
can realize a on Ti. T © H T as 

a(q)(v@w) = r(q)v®T(q)w for any q G Q + 
a(-l)(v®w) = w®v 
where r is the representation of Q + on 7i T obtained by twisting by —1, i.e., 

r(q) = r(— 1 • q ■ —1) for any q G Q + . 
Any element of End(7f T © 7i T ) can be represented by a matrix 



T 



Ti T 2 
T» T A 



where Ti,T2,T 3 ,T 4 are elements of End(7f T ). Let T be a Q fl i?-intertwining operator. 
The fact that T commutes with er(— 1) implies that T\ = T 4 and T 2 = T 3 . The fact that T 
commutes with the action of a(q) for q G Q + fl R implies that T 2 is a Q + fl f?-interwining 
operator between r and r and T x is a Q + fl _R-intertwining operator of r. However, the 
restrictions of r and r to H are disjoint (one of r, r is supported on representations of H 
with "positive" central character whereas the other one is supported on representations 
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with "negative" central character). Therefore T 2 should be zero. On the other hand since 
by Lemma 15.21 the von Neumann algebras generated by t(Q + fl R) and t(Q + ) are the 
same, it follows that T\ is a Q + -intertwining operator of r as well. Consequently, T is of 
the form 

T x 

which implies that T is a Q-intertwining operator for a. 

□ 

Proposition 5.4. Let tc be any unitary representation of G of rank two on a Hilbert space 
TC. Then the von Neumann algebra (inside End(H)) generated by ir(R) is identical to the 
von Neumann algebra generated by n(G). 

Proof. The von Neumann algebra generated by tt(R) contains the von Neumann algebra 
generated by 7r(QnR), which by Lemma l5~31 is equal to the von Neumann algebra generated 
by 7r(Q). Since Q and R are both maximal parabolics, the group generated by them is 
equal to G. Therefore the von Neumann algebra generated by tt(R) contains the von 
Neumann algebra generated by 7r(G). 

□ 

Corollary 5.5. If it is an irreducible representation of G of rank two, then the restriction 
of it to R is irreducible and uniquely determines it. 

We are now able to apply the standard machinery of Mackey [Mac. to our situation. 
Let 7r be an irreducible unitary representation of G of rank two. Recall that the Levi 
factorisation of R is R = S x U. The group [S, S] is the set of M-points of a complex 
simple simply connected algebraic group which is defined and split over R and whose root 
system is of type D 4 when G is of type E 6 and of type Ai x D 5 when G is of type E 7 . 
Therefore we have 

\q 01 _ J Spin(A,A) if G is of type E 6 

[ ' J ~ \ SL 2 {R) x Spin(5, 5) if G is of type E 7 . 

Our next task is to understand the restriction of tt to U. Recall that U is two-step 
nilpotent. Let Z(U) denote the center of U. Let a be an irreducible unitary representation 
of U. For every element z G Z(U), o~(z) is a scalar. If Z(U) C ker (a) then a should be 
one-dimensional. Now suppose Z(U) ^ ker(cr). The group Z(U) is invariant under the 
action of S and one can see that the action of the spin factor of [S, S] on the Lie algebra 
Z(u) is in fact identical to the standard representation ]R n ~ 2 ' n ~ 2 of Spin(n — 2,n — 2). 
When G is of type E 7 , the factor SL 2 (R) of [S, S] acts on Z(u) trivially. 

From the existence of a non-degenerate Spin(n — 2, n — 2)-invariant bilinear form < -, • > 
on W n ~ 2,n ~ 2 , it follows that for any unitary character \ of Z(U) there exists an element 
v G Z(u) such that 

(5.6) X {x) = e <v ' losx>V=I for any x G Z{U). 

Here "logx" means the inverse of the exponential map exp : Z(u) Z(U). From 
Z{U) ^ ker(a) it follows that v ^ 0. The action of S on Z(u) has three orbits: an open 
orbit, the set of nonzero isotropic vectors, and the origin (see |HTj and [KaJ). 

Definition 5.7. Consider an irreducible unitary representation of U whose restriction 
to Z(U) acts by a character of the form given in \5. 6}) for some v 7^ 0. We call this 
representation small if v is a nonzero isotropic vector, and we call it big if v belongs to 
the open orbit. 
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Suppose G is of type E n . If a is a big representation of U then U / ker(cr) is a Heisenberg 
group of dimension 2 n_2 + 1, whereas if a is small then ?7/ker(a) is a direct product of 
the additive group of 1R 2 " 3 and a Heisenberg group of dimension 2™~ 3 + 1. 

Recall that u and n 3 represent the Lie algebras of U and iV 3 respectively. As a vector 
space, we can write u direct sum 
(5.8) u = £©2J©Z(u) 

where: 

a. Each of X and 2) is a direct sum of certain root spaces Q a . 

b. £ = unl. 

c. Z(u) is the center of u. 

Note that these conditions identify 2) uniquely. For an explicit description of this decom- 
position, see section [TUl Similarly, we can write n 3 as a direct sum 

n 3 = 2U © 2U* © Z(n 3 ) 

where: 

a. Each of 2H and 2U* is a direct sum of certain root spaces Q a . 

b. 2H = n 3 D I 

c. 2(113) is the center of n 3 . 

Again 2U* is uniquely identified (see section ITU]) . In fact 2U and 2U* correspond to a 
polarization of the symplectric vector space n 3 /i?(n 3 ). 

Lemma 5.9. The Lie algebra Z(u) contains Qp 1 and Qp 2 . For any root a ^ {flijfy}, if 
Qa Q Z( u ) then g a C 2U*. Moreover, there exist bases 

{ei, e n _ 2 , e_i, e_( n _ 2 )} «™d {^2, /n-2, f-2, /-(n-2)} 
of Z{u) andWHs respectively, such that 

a. For any z G { — (n — 2), ...,n — 2} ; there exist a±,a2 G A + such that G Q1 and 

b. ei G fl^ and e_i G g^. 

c. For any i J G {2,..., n-2}, [e ±i ,/ ±i ] = o"±i,±jei. 

d. For any i, j G {1, n — 2}, we have 

<ei, ej>=<e^i, e_j>= ana 1 <e», e_j>= o^-. 

e. For any root a, if Q a Q H3 awd 0a ^ Span R {ej, | — (n — 2) < z < n — 2} taen 
[e-i,g Q ] = 0. 

Proof. See section ITU1 

□ 

Proposition 5.10. Let 71 be an irreducible representation of G of rank two. Then the 
restriction of n to U is supported on big representations ofU. 

Proof. Since Z(U) C iVr, it suffices to prove that the restriction of any rankable repre- 
sentation of iVr of rank two to Z(U) is a direct integral of characters of the form given 
in equation (|5.6|) for which v belongs to the open S-orbit of Z(u). Let p\ be a rankable 
representation of N-p of rank one, obtained by extending a representation of iV 3 = H . By 
Lemma [5.91 for any i,j G {±2, . . . , ±(n — 2)} we have 

<ej, [e_i,/j]>= - <ej, [f i ,e-i]>=<[fi,e j \,e-i>=<-8 ijj e 1 ,e- 1 >= -8 itj 
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which implies that [e_i,/j] = — e_j. Using Lemma [5. 9b and the formulas which describe 
the oscillator representation (see \tio\ §1]), one can see that the restriction of p\ to Z(U) 
is a direct integral of characters of the form given in (15.61) for 

n-2 n-2 

v = tei + J ^^(ta i e i + £a_je_j) — (^J aja_jt)e_i 

j=2 i=2 

where t and the a^'s are real numbers and t ^ 0. Obviously < v, v >= 0, i.e., v is an 
isotropic vector. From Lemma 15.9b and the oscillator representation it also follows that 
the restriction of a rankable representation of rank two of N-p to Z(U) is a direct integral 
of characters for which v is given by 

n-2 n-2 

v = tei + '^2(ta i e i + ta-ie-i) — (s + 2J aia_jt)e_i 

i=2 i=2 

where t and (Z^ S £1X6 clS above and s is a nonzero real number. Obviously < v,v 0. 

□ 

Let 7r be an irreducible representation of G of rank two. Let a be the irreducible unitary 
representation of U with central character given by (|5.6|) where v = ei + e_x- By Mackey 
theory, one can write the restriction of 7r to i? as 

7T\ R = Ind^r7 

where Ri = Stabs (ei + e -i) * ^ an d ?7 is an irreducible representation of i?i with the 
property that for some m G {0, 1, 2, ... , oo}, Res^rj = ma. If a can be extended to a 
representation a of then 77 can be written as a tensor product 7] = t ® a where a is 
the extension of a to i?i and r is an irreducible representation of Stabs(ei + e_x) which 
is extended (trivially on U) to R\. The representation r is uniquely determined by 
and by Corollary 15. 51 we obtain an injection 

(5.11) ^:7r^^(7r), 

where ^(tt) = r, from n 2 (G) into the unitary dual of Stabs (ei + e_i). 
The next proposition justifies the existence of the extension a. 

Proposition 5.12. Let a be the big representation of U associated to the character given 
by \5. 6)) where v = e\ + e_i. Then a can be extended to a representation a of R±. The 
extension is unique when G is of type E7. 

Proof. Let S\ = Stab5(ei + e_i). It is well known that for the action of Spin(2k,C) on 
C 2fc , if w G C 2k lies outside the variety of isotropic vectors, then 

(5.13) 3tab S pin(2k,c){w) = Spin(2k - 1, C). 

From ()5.13|) and some elementary calculations it follows that when G is of type Eq, 

Si =R x x Spin(3,4) 

where the element — 1 G 1R X is an element of A given by e roi (a) = e ro6 (a) = — 1 and 
e mj (a) = 1 for any j G {2, 3, 4, 5}, and when G is of type E7, 

Si = SL 2 (R) x Spin(A,5). 

The group U = C//ker(cr) is a Heisenberg group and S\ is a subgroup of the group 
of automorphisms of U which fix Z{U) pointwise. This means that Si acts through a 
subgroup of Sp(U j Z{U)). Therefore the existence of the extension of a to Ri is immediate 
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once we show that Si acts through a subgroup of the metaplectic cover Mp(U / Z{U)) of 
Sp(U/Z(U)). 

When G is of type E 6 the action of IR X x Spin(3, 4) leaves X and 2) invariant. In 
fact if GL{£) denotes the Levi factor of the Siegel parabolic of Sp(U /Z(U)), then IR X x 
Spin(3, 4) is a subgroup of the component group of GL(X). The formulas in |Ho| §1] for 
the oscillator representation on the Siegel parabolic imply that Si acts through a subgroup 
of Mp{U/Z{U)). 

When G is of type E7 the situation is only slightly more complicated. Recall that 

Si = SL 2 (R) x Spin(A,5). 

Similar to when G is of type Eq, Spm(4, 5) leaves the vector spaces X and 2J invari- 
ant. Therefore Spin(4, 5) acts through a subgroup of the component group of GL(X). 
Consequently, the group homomorphism 

Spin{A,h) i-> Sp(U/Z(U)) 

breaks into the composition of two group homomorphisms 

(5.14) Spin(4, 5) ^ Mp(U/Z(U)) ^ Sp(U/Z(U)) 

where the second map is the natural projection from the metaplectic group to the sym- 
plectic group. 

The action of SL 2 (R) does not preserve the polarization X © 2) of U . However, one 
can choose a different polarization which is preserved by the action of SL 2 (R). This 
polarization can be described as follows. Let Q be the set of roots a G A + such that 
Q a C X© 2). Then Q can be partitioned into g a disjoint union 

t=i 

where for any t, Q t has four elements and moreover, elements of each Q t can be ordered 
such that we have 

(5.15) ft t = {a« a (2) ,a (3) ,« (4) }, 
where the following two conditions hold: 

a. For some j G {1, 2} depending on t, we have 

«( 2 ) = + a 7 , = ft - and a« = + a 7 . 

b- Q (D © Q (3) C X and g a{2) © q( 4) C 2J. 

A polarization preserved by SL 2 (R) has the form Xi © 2Ji, where for every 1 < t < 8, 
if fij is sorted as in (|5.15j) then Xi contains the direct sum g a (i) © g a ( 2 ) and 2Ji contains 
the direct sum Q a ( 3 ) © a (4) . For the reader's convenience, we give one such polarization 
explicitly in section [TUJ 

Since SL 2 (M.) preserves a polarization, we can argue as above and see that the group 

homomorphism ~ , , ~ 

SL 2 (R) ^ Sp(U/Z(U)) 

breaks into the composition of two group homomorphisms 

(5.16) SL 2 (R) ^ Mp(U/Z(U)) i-> Sp(U/Z(U)). 

Next we show that the group homomorphism 

SL 2 {R) x Spin{4,5) ^ Sp{U/Z{U)) 

breaks into the composition of two group homomorphisms 

SL 2 (R) x Spin(4,5) i-> Mp(U/Z(U)) i-> Sp(U/Z(U)). 
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Let 4>i and 02 be the maps from Spm(4, 5) and SX 2 (M) into Mp(U /Z(U)) given in (|5.14j) 
and (|5.1fjjl respectively. Consider the map 

$ : Spin(4,5) x SL 2 (R) ^ Mp(U/Z(U)) 

given by $(a x b) = 0i(a)</>2(6). We show that the map $ is the appropriate group 
homomorphism from Si to Mp(U / Z(U)). Continuity of $ is obvious. To show that 
$ is a group homomorphism, it suffices to show that <pi(a) and 02 (fr) commute. But 
the images of 0i(a) and 02(6) inside Sp(U /Z(U)) commute with each other, and since 
Spin(4, 5) x SL 2 {R) is connected, the commutator of 0i(a) and faib) should be a constant 
function. Checking for when a and b are the identity elements implies that this commutator 
is equal to the identity element of Mp(U / Z{U)). 

The uniqueness of a follows from the fact that the group 5 , L 2 (IR) x Spin(4, 5) is perfect. 



□ 



6. A CLASS OF REPRESENTATIONS OF RANK TWO 

For any irreducible representation a of a nilpotent simply connected Lie group, let O a 
be the coadjoint orbit associated to a (see |Kilj . |Ki2j ). Recall the following elementary 
results from Kirillov's orbit method. 

Proposition 6.1. Let N 1 C N 2 be nilpotent simply connected Lie groups and assume N 1 
is a Lie subgroup of N 2 of codimension n. 

a. If a 1 is an irreducible unitary representation of N 1 , then the support o/Ind^icx 1 
lies inside irreducible representations a of N 2 for which 

dim(£> CT ) < 2n + dim(0 ff i). 

b. If a is an irreducible unitary representation of N 2 then the support o/Res;^i<7 lies 
inside irreducible representations a 1 of N l for which 

dim(C (J i) < dim(C CT ). 

Proposition 6.2. The unitary principal series representations n x of G are of rank two. 

Proof. Recall that iV^ = [B, B]. From Bruhat decomposition it follows that in the double 
coset space Nb\G/P, NbP has full measure. Therefore by Mackey's subgroup theorem 

Res% B 7r x = Res^Indgx = HSriF* 

Let U\ = NbCiP. Since U\ C [P, P], the restriction of x to U\ is the trivial representation. 
Therefore 

Res^vr x = Ind^l. 

Recall that fli is the highest root of g. Let G / g 1 be the one-parameter unipotent subgroup 
of G which corresponds to g^. One can see that U 2 = U\G^ is actually a Lie subgroup 
of Nb and XJi w U\ X Gp 1 . If e denotes the identity element of G, then 



Indgl = Ind^IndgM = l^L 2 {G Pl ,dg Pl 



where L 2 (Gp 1 ,dgp 1 ) is the left regular representation of G$ x . Consequently, Ind^l is 
actually a direct integral of one-dimensional representations of L^- Any one-dimensional 
representation is associated to a coadjoint orbit of dimension zero. Proposition 16.11 and 
the relation 

Ind£fl = Ind^Indgl 
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imply that Ind^l (respectively Res^Tr^ = Res^Ind^l) is supported on irreducible 
representations of Ng (respectively N-p) whose coadjoint orbits have dimensions at most 
twice the codimension of U2 in Nb- A simple calculation shows that the codimension of 
U2 in Nb is equal to 15 (respectively 26) when G is of type E 6 (respectively when G is of 
type E7). However, by [Sal, Cor. 4.2.3], the dimension of the coadjoint orbit associated 
to a rankable representation of iV r of rank 3 is 32 when G is of type E 6 and 56 when G is 
of type E 7 . But 2 x 15 < 32 and 2 x 26 < 56(!), which imply that tt x should be of rank 
at most two. A comparison of i^-types and the uniqueness of the minimal representation 
jSa2~l Prop 14] justify that tt x is not of rank one. 

□ 

Proposition 16.21 can actually be extended to include the complementary series represen- 
tations tt s and the representation 7r° which appear when G is of type E7. Note that the 
proof of Proposition 16.21 is not valid anymore. 

Proposition 6.3. tt° and tc s (for 0<s<l) are of rank two. 

Proof. We use a construction of these representations given in jBSZj . First consider a 
complementary series representation tt s . Using |BSZ| Corollary 8.7] one can describe the 
P-action of tt s on L 2 (n, V(X)~~ s d s X), where V is a cubic L-semi- invariant polynomial and 
d s X is a normalization of the Lebesgue measure. The Fourier transform gives an isometry 

~ : L 2 (n,d s X) i-> L 2 (xi,d s X) 

where d s X is an appropriate normalization of the Lebesgue measure on n. The isometry 

/ ^ /V-3 from L 2 (n, V(Xy s d s X) to L 2 (n, d s X) is an intertwining operator between the 
action of P on L 2 (n, V(X)~ s d s X) given in [1BSZ| (8.5)] and its action on L 2 (n, d s X) given 
as follows: _ 

(6.4) e Y ■ f(X) = f(X + Y) for every X,Y E n 

(6.5) I ■ f(X) = 5 P {l)^f{l- 1 ■ X) for every / G L,X G n. 

Note that these formulas are independent of s. From the description of the unitary 
principal series in the "non-compact" picture in |Kn2| Chapter VII, (7.3b)] it follows that 
for any unitary character x, 7r X |p and 7r S |p are isomorphic. It follows that 

Resp7r x = Resp7r s . 

Since iVr C P, the rank of ir s is equal to the rank of 7r x . 

Next we prove that 7r° is of rank two. Our proof actually shows something slightly 
stronger: we prove that the (spectrum of the) restriction of tt° to U D N is multiplicity- 
free. Note that this is false for any representation of G of rank three (as it already 
fails for a rankable representation of iVr of rank three) but is not always true for every 
representation of G of rank two. In fact it follows from the results of this paper that the 
only representations of G with this property are the trivial representation, the minimal 
representation, and 7r°. 

We can conjugate iV H U by the longest Weyl element and obtain its "opposite" group, 
N H U. It suffices to prove that the iV D ^/-spectrum of tt° is multiplicity-free. We use 
[BS71 Theorem 8.11]. 

The Lie algebra of iV D U is equal to 2) © ^(u), with 2) as in (|5.8|) . and we have 



n = 2) © Z(u) © 0, 
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If we think of n as the Jordan algebra Herm(3, O sp ut), then from results in |BSZ[ §2] it 
follows that 2), 2(u) and Q ar correspond to matrices of the form 



(6.6) 



respectively. 

L 2 (0 2 , du 2 ), where dv 2 is the L-quasi-invariant measure of 2 . If V is an L-semi-invariant 
cubic polynomial on n, then the closure of 2 in n is equal to the vanishing set of V in n. 
Write Herm(3, O sp iit) as 






v w 




h 


u 

















V* 







u* 


t 2 o 


and 















w* 



























■ By 


|BSZl Theorem 8. 


11], 


the restriction of 7r° 


to 


p 


can 


be 


realized 



(6.7) 



Herm(3, 



"split J 



Herm(2, 1 



"split J 



"split 



"split 



in a fashion compatible with the matrices shown in ([6.6)1 . More precisely, the summands 
Herm(2, O sp iit), O sp ii t © ©sput? and R and correspond to Z(ll),%), and g ar respectively. 
The decomposition ()6.7|) allows us to represent points of the left hand side of ()6.7|) by 
quadruples u = (u\, u 2 , u 3 , w 4 ), where: 

Ui G Herm(2, O sp i it ), u 2 , u 3 G O sp i it , and u 4 G E. 

From the description of the action of N on L 2 (0 2 ,du 2 ) in BSZ, Lemma 8.10] it follows 
that N C\U acts on a space of functions on 2 by pointwise multiplication by characters, 
and two distinct points u and u' are separated by these characters unless we have Ui = u[ 
for any i G {1, 2, 3}, but ^ u' A . If we can show that for a set S C 2 of full measure, 
any two distinct points differ in at least one of the first three coordinates, then it follows 
that the action of N l~l U separates points of S, and therefore the (spectrum of the) action 
of N H U on L 2 (0 2 , dv 2 ) is multiplicity-free. Our next aim is to prove the existence of the 
set S. 

For an element u = (ui, u 2 , 1*3, u&), we have 

V(u) = u 4 Vi(ui) + F(ui, u 2 , u 3 ) 

where Vi is the "determinant" of the Jordan algebra Herm(2, O sp u t ) and F(ui, u 2 , u 3 ) is 
a cubic polynomial in 26 variables obtained by real coordinates of ui,u 2 ,u 3 (see |SV| §5, 
(5.11)]). Obviously, if u G 2 is such that Vi(iti) 7^ 0, then the equation V(u) = 
uniquely determines M4 in terms of u\,u 2 ,U3. Therefore we can choose S to be the set of 
all u G n for which V(u) = but Vi(wi) 7^ 0. It remains to show that this set has full 
measure in 2 . To this end, we show that the complement of S in 2 is a submanifold 
of 2 of positive codimension. In fact we can work with the complexifications. Let 2 
denote the Zariski closure of 2 in Herm(3, OspHt) ® C. Recall that the closure of 2 in n 
is equal to the set of IR-rational points of the vanishing set of V in Herm(O sp ii t ) ® C. The 
latter vanishing set is the closure of an orbit of the action of the complexification of L on 
a 27-dimensional complex affine space, and therefore it is an irreducible algebraic variety. 
Moreover, there exist elements u of 2 for which Vi(tti) 7^ 0. Therefore the set of all u 
in 2 for which Vi(tti) = is an algebraic set of positive codimension in 2 . Since the 
complex dimension of 2 is the same as the real dimension of 2 , the complement of S 
in 2 is a submanifold of positive codimension. 



□ 
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7. Proof of Theorem 11.2k 

In this section we study the correspondence (|5.11|) for representations tt x when G is 
of type E 7 . Our main tool is standard Mackey theory. Recall that P is the parabolic 
opposite to P, and ir x = Ind^x where x 1S a unitary character of P. The parabolic R can 
be expressed as 

(7.1) R = (R x x (SL 2 (R) x 3pin(5, 5))) K U 

where IR X is an appropriate subgroup of A. (Conjugation by —1 G {±1} C IR X induces a 
nontrivial automorphism of Spin (5, 5).) Let B>sl 2 denote the Borel subgroup of SL 2 (R) 
which contains AP\SL 2 (R) and the unipotent subgroup corresponding to —0:7. Let Nsl 2 — 
[Bsl 2 i Bsl 2 }- Observe that the vector space X is in fact a commutative Lie subalgebra of 
g which lies inside the Lie algebra of Nb- Therefore X is the Lie algebra of a Lie subgroup 
of G. We abuse our notation slightly to denote this Lie subgroup by X as well. 

Bearing in mind that 1R X represents a specific subgroup of A as in (J7.1|) . we consider 
the following subgroups of R: 

(7.2) fi 2 = (l x K(5 SL2 x%(5,5)))Kl 

(7.3) R 3 = (R x x (B S l 2 x Spin(5, 5))) x U. 

Note that indeed R 2 = R H P. _ __ 
By Bruhat decomposition, RP is an open double coset of full measure in R\G/P. 
Therefore Mackey's subgroup theorem implies that 

(7.4) ' Resg7r x = Ind* X . 

Next observe that the isomorphism 

Rz/{{N S l 2 x Spin(5,5)) K [/) ~ R 2 /((N S l 2 x Spin(5, 5) x X) 

implies that x extends to a character x of P3. By the projection formula 

(7.5) Ind£ 2 x = Indjlndgx = In<(x O Indgl). 

Let = Ind^l. Let a be the big representation of U introduced in the statement of 
Proposition 15.121 and let a be the extension of a to R\. We will now prove the following 
lemma. 

Lemma 7.6. There exists a unitary character k of R3 such that 

(7.7) 77 = £® (Rescind* a). 

Proof. To prove Lemma 17.61 note that UR 2 = R3 and therefore by Mackey's subgroup 
theorem Resg»ij = Res^Indgl = Indgl. 

The right hand side, which is equal to the [/-spectrum of 77, is a multiplicity-free direct 
integral of big representations of U. The fact that the action of 1R X x Spin(5, 5) C -R3 
on the [/-spectrum of r) is transitive implies that 77 is an irreducible representation of R3. 
Next we apply standard Mackey theory to 77. The stabilizer of a in _R 3 is R 3 H Ri, and 
therefore by Mackey theory we can write 

(7.8) V = lnd% nRs (K®a) 

where k is an irreducible unitary representation of B>sl 2 x Spin(4,5) which is extended 
(trivially on U) to R\ DR^. We can use Mackey's subgroup theorem again and see that the 
[/-spectrum of the right hand side of (|7.8jl is multiplicity-free only if k is a one-dimensional 
representation. Therefore k should be a unitary character of B>sl 2 x Spin(4:, 5) and hence 
it is trivial on iVg^ x Spin(4:, 5). Obviously k extends to a unitary character k of R 3 which 
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factors through a character of Rs/((Nsl 2 x Spin(5,5)) x U). From (|7.8j) . the projection 
formula, Mackey's subgroup theorem, and -R3-R1 = R we have 

77 = « ® Indg nR3 <7 = k ® Res^Ind^. 

□ 

Let 17 = Ind^a. From (177)) it follows that 

(7.9) ft -1 <g> 77 = Res^T). 

Next we continue with the right hand side of (|7.5j) . Using ()7.9|) and the projection formula 
we have 

(7.10) Ind^ 3 (x ® 77) = Ind^ 3 (x <8> k ® k" 1 ® 17) = fj <g> Ind^ 3 (£ <g> x) = »7 ® C 
where £ = Ind^ 3 (K ® x). By Mackey's subgroup theorem 

Resf i2(K) C = Resf i2(R) Ind£ 3 (£ ® x) = Ind|£f >(k ® X ). 

Let C = Indj^ R ^(&<8> x)- Clearly £ is a unitary principal series representation of SL 2 (M). 
Since the only one-dimensional representation of Spin(4, 5) is the trivial representation, 
it follows immediately that 

(7-H) R- es 5L 2 (IR)x5pm(4,5)C = C® 1 - 

By Mackey's subgroup theorem we see that the representation 

Res£C = Rescind* (£®x) 

is a direct integral of representations of the form Ind^l, i.e., ( acts trivially when restricted 
to U, or in other words ( factors through a representation of R/U. 

Let and ( = Res^ £. Then by (17. 4j) . (|7.5j) . (|7.1()j) . and the projection formula we have 

Resgvr x = Ind*(x ® rj) = 77 ® ( = (Ind^a) ® ( = Ind* (a®(). 

Since £ comes from a representation of Ri/U, it follows from standard Mackey theory and 
dlirj that $(vr x ) = 

8. The image of 7r° under \1> 

From the K-type structure of the representation 7r° it follows that its Gelfand-Kirillov 
dimension is strictly larger than the minimal representation but strictly smaller than a 
generic degenerate principal series representation (see |Sahj ). This suggests that in the 
correspondence (J5.11j) . the image of tc° should be a representation of SX 2 (IR) x Spm(4, 5) 
which is "smaller than" the image of tt x . It turns out that the only possibility is the 
trivial representation of SL,2(M.) x Spin(A, 5). A rigorous proof of this statement can be 
given using the property of tt° which was shown in the proof of Proposition 16.31 since the 
iV H [/-spectrum of 7r° is multiplicity-free, Mackey's subgroup theorem applied to 

Res^Ind*^ )®^ 

implies that ^/(tt°) should be one-dimensional. But the only one- dimensional represen- 
tation of SX 2 (IR) x Spin (4, 5) is the trivial representation. In other words, ^(tt°) is the 
trivial representation. 
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9. Proof of Theorem 11.2b 

In this section we study the correspondence of 1)5.11)1 for representations tc x when G is 
of type Eg. The argument is very similar to the case when G is of type E7. 

Recall that P is the parabolic subgroup opposite to P and \ is a unitary multiplicative 
character of P such that ir x = Ind^x- 

The vector space X is a Lie algebra, and corresponds to a Lie subgroup of N B . We 
abuse our notation to let X denote this Lie subgroup of N B as well. Let R 2 = RC\ P. 
Then 

R 2 = ((R* x R x ) x Spin{4,4)) x X 

Since the restriction of \ to Spin(4, 4) x X is trivial, x extends to a character \ of R. By 
the projection formula 

Resglndgx = Ind^ nP x = x ® Ind^ nP l. 

Lemma 9.1. Fix an extension a of a to R\. (See the statement of Proposition [5"7H ) 
Then for some unitary character \ of Ri whose restriction to U is trivial, we have 

(9.2) Ind^l = Ind^(x®6-). 

Proof. By Mackey's subgroup theorem, we have 

Res^Ind^ nP l = Ind^l 

which implies that the restriction of the left hand side of ()9.2j) to U is a multiplicity- 
free direct integral of big representations of U . Transitivity of the action of the Levi 
subgroup of R on this £7-spectrum implies that the left hand side of ()9.2)) is an irreducible 
representation of R. It follows that if we use standard Mackey theory to write the left 
hand side of ()9.2j) as Ind^ (r ® a) , then r has to be a one-dimensional representation of 
Ri/U. Therefore t = x, for some unitary character x- 

□ 

Using Lemma f9. 11 we have 

Resgvr x = X ® Ind^pl = x ® Ind^ (x ® a) = Ind^ ( X ® X ® ^) 
which implies that ^(ttx) = X ® X- 

10. Tables 

In this section we prove Lemma 15.91 and describe explicitly the polarization Xi © 2)i 
used in the proof of Proposition 15 .121 Recall the labelling of simple roots shown in section 
12 For any root a, we can write 

a = ci(a)«i + • • • + c n (a)a n 

for integers q(q;). We represent a root by putting these integers in their corresponding 
locations on the nodes of the Dynkin diagram. When describing a set of roots, a "*" in 
a location of the Dynkin diagram means that the corresponding coefficient q can assume 
any possible value, given the fixed coefficients, to make the entire labelling represent a 
root. 

Parts a,b,c and e of Lemma 15.91 follow easily from the given tables. Part d requires a 
simple calculation of weights of the standard basis of M. n ~ 2,n ~ 2 under the action of the 
Cartan subgroup of Spin(n — 2, n — 2). 
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2B 


2U* 


X 




Z{u) 


* * * * 
1 


1 * * * * 
1 


0***1 

* 


1***0 

* 


1***1 
* 



ei 


e 2 


e 3 


e 4 


12321 
2 


12321 
1 


12221 
1 


12211 
1 


e-i 


e-2 


e-3 


e_ 4 


11111 



11111 
1 


11211 
1 


11221 
1 



h 


h 


u 


f-2 


/-3 


f-4 


00000 

1 


00100 

1 


00110 

1 


01210 

1 


OHIO 

1 


01100 

1 



Now let G be of type E7. Tables below suffice for the proof of Lemma [5.91 



22J 


2XJ* 


X 


2) 


Z(u) 


0****1 


1 * * * *i 


01 * * * * 


11 # # # * 


12 * * * * 



ei 




e3 


e 4 


es 


123432 
2 


123431 
2 


123421 
2 


123321 
2 


123321 
1 


e-i 
122210 
1 


e-2 
122211 
1 


e-3 
122221 
1 


e_4 
122321 
1 


e-5 
122321 
2 



/ 2 


/ 3 


h 


ft 


000001 



000011 



000111 



000111 

1 


/-2 


/-3 


f-4 


f-B 


001221 
1 


001211 
1 


001111 

1 


001111 




Finally, when G is of type E7 the polarization X\ © 2)i which appears in the proof of 
Proposition 15.121 can be described as follows. 



£1 




*1 * *00 

* 

*1 * *11 

* 


*1 * *10 

* 

*1 * *21 

* 
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